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Abstract 

Let H be a Hopf algebra with bijective antipode, a, /3 £ AutHopf(H) and M a finite 
dimensional (a, /3)-Yetter-Drinfeld module. We prove that End(M) endowed with certain 
structures becomes an ii-Azumaya algebra, and the set of _ff-Azumaya algebras of this type 
is a subgroup of BQ(k,H), the Brauer group of H. 

Introduction 

Let H be a Hopf algebra with bijective antipode S and a,/3E Autnopf(H). An (a,/3)- 
Yetter-Drinfeld module, as introduced in [10], is a left fZ-module right -ff-comodule M with the 
following compatibility condition: 

(h • m)( 0) (g> (h • m) (1) = h 2 • m (0) <g> /3(/i 3 )m (1) a(S' _1 (/ii)). 

This concept is a generalization of three kinds of objects appearing in the literature. Namely, 
for q = (3 = idu, one obtains the usual Yetter-Drinfeld modules; for a = S 2 , = idn, one 
obtains the so-called anti- Yetter-Drinfeld modules, introduced in [5], [6], [7] as coefficients for 
the cyclic cohomology of Hopf algebras defined by Connes and Moscovici in [3], [3]; finally, 
an /?)- Yetter-Drinfeld module is a generalization of a certain object Hp defined in [2]. 

The main result in [TO] is that, if we denote by yT>{H) the disjoint union of the categories 
H yV H (a, j3) of (a, /3)-Yetter-Drinfeld modules, for all a, j3 G Aut Hopf (H), then yV(H) acquires 
the structure of a braided T-category (a concept introduced by Turaev in [12]) over a certain 
group G, a semidirect product between two copies of Autfj op f{H). Moreover, the subcategory 
yD(H)fd consisting of finite dimensional objects has left and right dualities. 
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fellowship offered by FWO (Flemish Scientific Research Foundation). This author was also partially supported by 
the programme CEEX of the Romanian Ministry of Education and Research, contract nr. 2-CEx06- 11-20/2006. 
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The Brauer group BQ(k, H) of the Hopf algebra H was introduced in [T], by taking equiva- 
lence classes of so-called .ff-Azumaya algebras in the braided category Hy^ H of Yetter-Drinfeld 
modules over H, and using the braided product inside this category to define the multiplication of 
the group. If M G HyD H is a finite dimensional object, then End(M) is an .ff-Azumaya algebra, 
representing the unit element in BQ(k, H). Also, if H is finite dimensional and (3 G Autffopf(H), 
the object Hp mentioned before is not an object in uyT^ H but nevertheless End(Hp) with cer- 
tain structures becomes an ff-Azumaya algebra, and moreover the map (3 i— > End{H/3) gives a 
group anti-homomorphism from AutHopf(H) to BQ(k,H), see [2]. 

The aim of this paper is to construct a new class of examples of .ff-Azumaya algebras, 
containing the two classes mentioned above as particular cases. Namely, we prove that if a, (3 G 
AutHopf(H) and M G HyD H (a, (3) is finite dimensional, then End(M) endowed with certain 
structures becomes an .ff-Azumaya algebra. The proof is rather technical and relies heavily on 
the fact that yV(H)fd is a braided T-category with dualities. We also prove that, if we denote 
by BA(k, H) the subset of BQ(k, H) consisting of ff-Azumaya algebras that can be represented 
as End(M), with M G #3^}^ (a, ft) finite dimensional, for some a,f3 G AutHopf(H), then 
BA(k, H) is a subgroup of BQ(k,H). 

1 Preliminaries 

We work over a ground field k. All algebras, linear spaces, etc. will be over k; unadorned 
(g) means (g>fc. Unless otherwise stated, H will denote a Hopf algebra with bijective antipode 
S. We will use the version of Sweedler's sigma notation: A(/i) = hi <S> h,2- For unexplained 
concepts and notation about Hopf algebras we refer to [8], [9], [11]. By a, (3, 7... we will usually 
denote Hopf algebra automorphisms of H. If M is a vector space, a left .ff-module (respectively 
right .ff-comodule) structure on M will be usually denoted by h <8> m 1— > h ■ m (respectively 
m h-> m( ) ® "i-(i))- 

We recall now some facts from |10| about (a, /3)-Yetter-Drinfeld modules. 

Definition 1.1 Let a,f3 G AutHopf(H). An (a, (5) -Yetter-Drinfeld module over H is a vector 
space M , such that M is a left H -module (with notation h®m 1— > h-m) and a right H-comodule 
(with notation M — > M ® H , m 1— > mm) ® m (i)) with the following compatibility condition: 

(h ■ m)( ) <8> (/t • m)(i) = /i 2 ■ m (0 ) <S> /3(/i3)m( 1) a(S' _1 (/ii)), (1.1) 

/or all h d H and m G M. M^e denote by nyD H (a, (3) the category of (a, (3) -Yetter-Drinfeld 
modules, morphisms being the H-linear H-colinear maps. 

Remark 1.2 As for usual Yetter-Drinfeld modules, one can see that ( fi. 1\) is equivalent to 

hi ■ m (0 ) ® /9(^2)m. (1 ) = (/t 2 • m)( ) (g> (/i 2 • m) (1) a(/ii). (1.2) 

Example 1.3 For a = (3 = idu, we have HyD H (id, id) = HyD H , the usual category of (left- 
right) Yetter-Drinfeld modules. For a = S 2 , [3 = idu, the compatibility condition becomes 

(h ■ m)( ) <8> (h ■ m)(i) = h 2 ■ /i 3 m(i)5(/ii), (1.3) 

hence Hy^ >H ' (S 2 ,id) is the category of anti- Yetter-Drinfeld modules defined in JE/, JEj, |?]/. 
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Example 1.4 For (3 G AutjiopfiH), define Hp as in fj^, that is Hp = H, with regular right 
H-comodule structure and left H-module structure given by h ■ h! = j3(h2)h' S~ l (h\) , for all 
h,h' G H. It was noted in that Hp satisfies a certain compatibility condition, which actually 
says that Hp G HyD H (id, f3). More generally, if a,f3 G Autnopf(H) , define H a ^p as follows: 
H a fi = H, with regular right H-comodule structure and left H-module structure given byh-h! = 
f3(h2)h' a(S~ l (h\)) , for h, h' G H. Then one can check that H a p G #3^D^(a, (3). 

Example 1.5 Let a, (3 G AutH op f(H) and assume that there exist an algebra map f : H — > k 
and a group-like element g G H such that 

<*(h) = 9- 1 f(hi)(3(h2)f(S(h 3 ))g, V h G H. (1.4) 

Then one can check that k G HyD H (a,(3), with structures h • 1 = f(h) and 1 i— » 1 <8> g. More 
generally, if V is any vector space, then V G HyD H (a, f3), with structures h-v = f(h)v and 
v i— > v ® g, for all h G H and v G V. 

Definition 1.6 If a, j3 G Autnopf(H) such that there exist f,g as in Example \l.b\ we say that 
(f,g) is a pair in involution corresponding to (a, (3) (in analogy with the concept of modular 
pair in involution due to Connes and Moscovici) and the (a, (3)-Yetter-Drinfeld modules k and 
V constructed in Example \1.5\ are denoted by fk 9 and respectively fV 9 . 

For instance, if a G Autu op f(H), then (e, 1) is a pair in involution corresponding to (a, a). 

2 Tensor products and duals 

By [5], the tensor product of a Yetter-Drinfeld module with an anti-Yetter-Drinfeld module 
becomes an anti-Yetter-Drinfeld module. We generalize this result as follows: 

Proposition 2.1 Let a,(3,j G Autj{ op f(H) and M,N two vector spaces which are left H- 
modules and right H-comodules. 

(i) Endow M ® N with the left H-module structure h ■ (m ® n) = h% ■ m® h% ■ n and the right 
H-comodule structure m(gm \— > (m^ (g) ri( )) <8> ^(i)"t-(i) (we call these structures "of type one"). 
If M G H yV H (a,P) and N G H yD H (l3,^), then M ®N G H yL> H (a,-/); in particular, if 
M G H yV H (S 2 ,id) and N G H yD H , then M ® N G H yV H (S 2 ,id), and if M G H yV H (id, (3) 
and N G H yV H (f3,id), then M <g> N G H yV H . 

(ii) Endow M ® N with the left H-module structure h ■ (m <2> n) = hi ■ m ® hi ■ n and the 
right H-comodule structure m® n i— ► (m( ) <8> ^(o)) ® m (i) n (\) ( we ca ^ these structures "of type 
two"). IfM G H yV H (a,l3) andN G H yD H (~f,a), thenM®N G H yV H (j,(3); in particular, if 
M G H yV H and N G H yV H (S 2 ,id), then M ® N G H yV H (S 2 ,id), and if M G H yV H (a,id) 
and N G H yV H (id, a), then M ® N G hYD H . 

Proof. We include here a direct proof for (i) (while (ii) is similar and left to the reader), an 
indirect proof will appear below. We compute: 

(h ■ (m <g> n))( ) (8> (h • (m ® n))(i) 

= (hi ■ m ® h 2 ■ n)( ) ® (hi ■ m ® h 2 ■ ra)(i) 
= (Oi • ™)(o) ® O2 • n)( )) (/i2 • ™)(i)Ol • 
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= (fyl,2) ' "1(0) ® h(2,2) ■ "(0)) ® 7( / l(2,3))^(l)/3(5'~ 1 ( /l (2,l)))/ 3 ( /l (l,3)) m (l)«('S' _1 ( /j (l,l))) 

= (h 2 • m( ) ® /15 • »(o)) <8> 7(/i6)n(i)/3(5 ,_1 (/i 4 )^3)"i(i)a('S' _1 (/ii)) 
= (h 2 • m( ) ® /13 • n( )) <8> 7(/i4)n( 1 )77i( 1) a( 1 S' _1 (/ji)) 
= /t 2 • (m g) n)( ) <8> ^(h 3 )(m g) n)( 1 )a(S'~ 1 (/ii)), 

that is M®iV G H yV H (a,j). □ 

In what follows, a tensor product with structures of type one will be denoted by (§), and one 
with structures of type two will be denoted by (8>. 

By [10J, if M G H yV H (a,[3) and JV G j^D^, o~), then M <g> N becomes an object in 
H yT> H (a^f^-j^ 1 P^f) with the following structures: 

h ■ (m (g) n) = 7(/ii) • m (8> 7~ 1 /37(/i2) ■ ", 

m <g> hh (m (2) 71) ( ) ® (m <g> n)^ := (m( ) <S> «(o)) 

This tensor product defines, on the disjoint union yV{H) of all categories HyD H (ci, f3), a 
structure of a braided T-category (see pjj]), and will be denoted by <g> in what follows. 

We want to see what is the relation between this tensor product and <§). We need a general- 
ization of a result in [TO] , which states that, if (3 G AutHopf(H), then HyT> H (f3,f3) ~ E.yT> R . 



Proposition 2.2 // a, /3, 7 G AutHopf(H), the categories hYD (a/3,7/3) and (a, 7) are 

isomorphic. A pair of inverse functors (F, G) is given as follows. If Me H yD H (aP,~fp), then 
F(M) G Hy~D H (ct,^f) , where F(M) = M as vector space, with structures h — > m = j3~ l (h) ■ m 
and m >—> m<o> (8 m<i> := m(o) <8> mm, /or all h e H , m e M . If N G fl^X^a, 7), i/ien 
G(N) G H ( a /3, 7/3), where G(N) = N as vector space, with structures h — n = /3(/t) • n 
and n 1— > n^ ^ (g) := ri( ) <8> n (i); / or all h e H , n £ N . Both F and G act as identities on 
morphisms. 

Proof. Everything follows by a direct computation. □ 

Corollary 2.3 We /iaue isomorphisms of categories: 

H yV H {a,(3)~ H yV H {aP~\id), H yV H {a,{3)~ H yV H (id, (3a- 1 ), 
H yV H {a,id)~ ny^iid,^ 1 ), H yV H {id,P)~ H yV H {f3-\id), 

for all a,/3e AutjjopfiH). 

Let now M G { a t/3) and N G iiYD (/3, 7). On the one hand, we can consider the 

tensor product M<S)N, which is an object in uyT> H {a/3, 7/3). On the other hand, we have the 
tensor product M®N , which is an object in jjyF) H {a, 7). Using the above formulae, one can 
then check that we have: 

Proposition 2.4 M®N = F(M®N). 

Let M be a finite dimensional vector space such that M is a left //-module and a right H- 
comodule. Denote by M° the dual vector space M* , endowed with the following left //-module 
and right //-comodule structures: 

(h-f)(m)=f(S(h)-m), 
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/(O) i m ) ® /(i) = /(m (0 ) ) (g) 5 (m ( i) ) , 

for all /i € H, f € M°, m € M, and by °M the same vector space M* endowed with the 
following left -ff-module and right -ff-comodule structures: 

(h-f)(m) = f(S-\h)-m), 
/ (0 )(m) ® /(i) = /(m (0) ) (8) S(m (1) ), 

for all /i 6 H, f e °M, m G M (if M would be an object in H yi> H , then M° and °M would be 
the left and right duals of M in H yT> H )- 

Proposition 2.5 If M is a finite dimensional object in nyD H (a, (3) , then M° and °M are 
objects in H~yD H {l3-, a). 

Proof. Follows by direct computation (an alternative proof will appear below). □ 

Recall now from [10] that, if M is a finite dimensional object in HyD H {a, /?), then M has left 
and right duals M* and respectively *M in the T-category yD(H); in particular, M* and *M 
are objects in ^(q _1 , a/3 ~ 1 a~ 1 ), defined as follows: as vector spaces they coincide both to 
the dual vector space of M, with structures: 

(h-f)(m) = f((f3~ 1 a- 1 S(h))-m), 
/(o)M ® /(i) = /(m (0 )) ® S' -1 (m(i)), 

for M*, and 

(/ i -/)(m) = /((r 1 «- 1 5- 1 (/ l ))-m), 
/ (0 )(m) <g) = /(m {0) ) ® S(m (1} ), 

for *M. We are interested to see how the objects M°, M* and respectively °M, *M are 
related. Consider the functor F as in Proposition 12.21 but this time between the categories 
i^3 ; ^(/?(/3 _1 a _1 ),a(/?" 1 a _1 )) and H yV H ((3,a). Then, using the expression for F and the 
above formulae, one can check that we have: 

Proposition 2.6 M° = F(M*) and °M = F(*M). 

Lemma 2.7 Let M S nyD 11 (a, (3) and N 6 HyT^ H {l-,5) finite dimensional. Then the map 

^ : N*<g>M* (M(g>7V)*, ^(n* <g> m*)(m <g> n) := m* (m)n* (n) , 
is an isomorphism in ^^^(t" 1 ^ -1 ,^^ ^^^ -1 ^ -1 )- 

Proof. Straightforward computation. □ 

3 Endomorphism algebras 

Let A be an algebra in nyT> H . We denote by A op the (usual) opposite algebra, with 
multiplication a • a' = a' a for all a, a' € A, and by ^4 the //-opposite algebra (the opposite 
of A in the category HyF> H ), which equals A as object in uyF> H but with multiplication 
a* a' = ci/Q\ (a' (1) • a), for all a, a' S A. 
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If A, B are algebras in #3^2? , then A <g> B becomes also an algebra in #3^2? with the 
following structures: 

h ■ (o (g> b) = hi ■ a <g> hi ■ b, 

{a b) i-» (a (0) <g> 6(o)) <8> &(i) a (i)' 

(a <g> 6) (a' ® 6') = aa'^ <g> (a^ -6)6'. 

This algebra structure on A <g> B (which is just the braided tensor product of A and B in the 
braided category HyD H ) is denoted by AffB and its elements are denoted by a#6. 

We introduce now endomorphism algebras associated to (a, /3)-Yetter-Drinfeld modules. 

Proposition 3.1 Let a, (3 £ AutH op j(H) and M € #3^?^ '(a, 0) finite dimensional. Then: 
(i) End(M) becomes an algebra in nyT) , with structures: 

{h ■ u)(m) = a~ l (hi) ■ u(a~ 1 (S(h2)) ■ m), 
«(0)(m) ® u {1) = u(m {0) ) {0) ® S'~ 1 (m {1) )n(m {0) ) (1) , 

/or all h £ H , u £ End(M), m G M. 

(zi) End(M) op becomes an algebra in HyD H , with structures: 

(h ■ u)(m) = (3-\h 2 ) ■ fitf- 1 (S- 1 fa)) ■ m), 
«(0)M <g> = u(m (0 ))(o) ® n(m (0) ) (1) S'(m (1) ), 

/or allheH,u(£ End(M)°P, m€M. 

Proof. Everything follows by direct computation. Note that the structures of End(M) can 
be obtained in two (equivalent) ways, namely either take M®M*, which is in HyV H , and 
then transfer its structures to End(M), or by taking first M0M°, which is in j3~yT> (a, a), 
transforming this into an object in n~yVP via the isomorphism nyT> u {a^a) ~ #3^^ and 
finally transferring the structures to End(M). Similarly, the structures of End(M) op can be 
obtained either by transferring the structures from *M(g>M, which is in HyD H , or by taking first 
°M®M, which is in jjyT)^ '(/?, /3), transforming this into an object in Hy^ H via the isomorphism 
H yV H ((3,{3) ~ H yT> H and finally transferring the structures to End(M) op . □ 

Remark 3.2 Assume that there exists a pair in involution (/, g) corresponding to (a, (3) and 
consider the (a, f3)-Yetter-Drinfeld module fk 9 as in the Preliminaries. Then one can easily 
check that End(jk 9 ) coincides, as an algebra in uyV H , with k with trivial Yetter-Drinfeld 
structures. 

Let a, /3, 7 G AutHopf(H) and the functor F as in Proposition 12.21 Then one can easily check 
that we have: 

Corollary 3.3 If M is a finite dimensional object in HyD H '(a/?, 7/9) and consider the object 
F(M) G H yV H (a,-f), then End(M) = End(F(M)) and End{M) op = End{F{M)) op as alge- 
bras in nyV H . 

Corollary 3.4 If M E #[yZ> (a, /3) is finite dimensional, then 

End(M*) = End{M <> ), End(*M) = End( M), 
End{M*) op = End(M°) op , End(*M) op = EndCM) op , 

as algebras in Hy^ H ■ 
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Proof. Follows from Proposition 12.61 and Corollary 13. 31 
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Corollary 3.5 Let a, (3 G Autii op f(H) and assume that H is moreover finite dimensional. Then 
End(H a p) = End(Ha a -x) as algebras in HyD H , where H a ,/3 an d Hp a -\ are as in Example ] 1.4\ 

Proof. Follows from Corollary 13.31 using the fact that H a ^ and Hp a -\ correspond via the 
isomorphism of categories HyT> H (a, j3) ~ HyT> H (id, f3a~ l ). □ 

Let M be a finite dimensional vector space endowed with a left f/-module and a right H- 
comodule structures. Consider on End(M) the canonical left i?-module and right ii-comodule 
structures induced by the structures of M, that is 

(h ■ u)(m) = hi ■ u(S(h2) • m), 

u (0) (m) ® u {1) = u(m (0 ))( ) ® 5 _1 (m (1) )n(m (0) ) (1) , 

for all h G H, u G End(M), m G M. We recall the following concept from [2]: if A is an algebra 
in H yT) H , then A is called quasi- elementary if there exists such an M with the property that 
End(M) with the above structures is an algebra in Hy^ H which coincides with A as an algebra 
in H yV H . 

Proposition 3.6 Let a, [3 G Aut}j op f(H) and M G nyD H (a, (3) finite dimensional. Then 
End(M) with structures as in Proposition \3. 1\ is a quasi- elementary algebra in HyT> H . 

Proof. This is obvious if a = idn, because of the formulae for the If -module and ii-comodule 
structures of End(M) given in Proposition 13.11 (i). For the general case, we consider the functor 
F : H yV H (a,(3) H yV H [id H , 13a' 1 ) as in Proposition O We know from Corollary EH 
that End(M) = End(F(M)) as algebras in H yD H , and since End(F(M)) is quasi-elementary 
it follows that so is End(M). We emphasize that the .ff-module ff-comodule object making 
End(M) quasi-elementary is not M itself, but F(M). □ 

Recall from [10] the group G = AutH op f(H) x AutHopf(H) with multiplication (a, (3)*{j, S) = 
(cry, 5^f~ l f3 r y). We have the obvious result: 

Lemma 3.7 The map G — ► AutHopf{H), (a, (3) t— » (30T 1 is a group anti-homomorphism. 

Proposition 3.8 If H is finite dimensional, the map (a, (3) i— > End(H a ^) defines a group 
homomorphism from G to the Brauer group BQ(k,H) of H . 

Proof. Using Corollary 13.51 the map (a, (3) \— > End(H a> p) is just the composition between the 
group anti-homomorphisms G — ► AutHopf(H) from Lemma [3771 and AutHopf(H) — > BQ(k,H), 
a i-» End(H a ) from 0. □ 

Let (3 G Autii pf(H) and Hp as in Example ll.4t in [2] was defined another object, denoted by 
Hp, as follows: it has the same left £f-module structure as Hp, and right ff-comodule structure 
given by h i — ► hi®(3~ l {h,2). It was proved then that ff^ satisfies a certain compatibility condition, 
which actually says that H'p G H yD H (p-\id). 

If instead of -ff^ we take an arbitrary object M G HyL> H (a, (3), with a,/3 G Aut}j op f(H), 
then the above result admits several possible generalizations; we choose the one that will serve 
our next purpose, which will be to identify the -ff-opposite of End(M) (in case M is finite 
dimensional), generalizing [2], Lemma 4.5 as well as pQ, Proposition 4.2. 
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Proposition 3.9 Let a, (3 G Autuopf{H) and M G uyV (a^ [3). Define a new object M' as 
follows: M' coincides with M as left H -modules, and has a right H-comodule structure given by 

m i-> m <0 > <S> m<i> := rrt( ) <g> a/3 _1 (m( 1 - ) ), 

where m i— > m( ) ® m^) is i/te comodule structure of M. Then M' G i^P^ (a/3 _1 a, a). 
Proof. We compute: 

(/i • m)<o> ® (/& ■ m)<i> = (/i • m) (0) (g) a/3 _1 ((/i • 

= /i 2 • m (0 ) ® a/3- 1 (/3(/ i3 )m (1) a(5- 1 (/ii))) 

= h 2 • m( ) <8 a(h^)af3~ l (m^)af3~ l a(S^ 1 (h\)) 

= h 2 ■ m <0> <8> a(/i3)"i<i>a/9 _1 a('S' _1 (^i))) 
that is M' G H yT> H (a/3' 1 a, a) . □ 

Proposition 3.10 Lei a,/3 G AutHopf(H) and M G h^D 11 (ct, P) finite dimensional; consider 
also the object M' G nyD H (a(3~ 1 a,a) as above. Define the map 

t : End(M) -> End(M') op , r(n)(m) = u (0) (a~ 1 (u (1) ) • m), 

for all u G End(M) and m G M' , where u i— > U(o) <8> i/«e ng/ti H-comodule structure of 

End(M). Then r is an isomorphism of algebras in uyD H . 

Proof. We first prove that r is an algebra map. We compute: 

T(u*v)(m) = r(w( )(v(i) • u)){m) 

= ( v (o)i v (i) • M ))(o)(« _1 ((«(o)(^(i) -«))(i)) -m) 

= W(o)(0)(«(i) • «)(o)(a _1 ((«(i) • «)(i)«(o)(i)) • ™) 

= w (o)(^(i) 2 • u )(o)(a _1 (Ki) 2 • «)(i)«(i)i) • m ) 

= v (o)( v (i) 3 ' u (o))(^~ 1 (v(i) 4 u {1) S'' 1 (v {lh )v {1)l ) • m ) 

= u (o)( u (i)i • ^(o))(e* _1 (v (1)2 u (1) ) • m) 

= «(o)(a _1 (^(i)i) • «(o)(« _1 (-S'(«(i)2))« _1 ( w (i)3 M (i)) • m )) 

= W(o)(a -1 (v(i)) • «(o)(a -1 («(i)) • "»)) 

= i"W(«(o)(« _1 Ki))'™)) 

= r(v)(r(«)(m)) 

= (t(w) • r(v))(m), g.e.d. 

We prove now that r is .ff-linear. We compute: 

T(h-u)(m) = (h-u) {0) (a- l ({h-u) (1) ) ■ m) 

= {h 2 ■ M( ))(a _1 (/i3«(i)5" 1 (/ii)) • m) 

= a~ l (h 2 ) ■ u i0 - ) (a' l (S(h^))a' 1 (h A u {1 )S' 1 (hi)) ■ m) 

= a _1 (/i 2 ) • U( )(a' 1 (u (1 )S' 1 (h 1 )) ■ m) 

= a _1 (/t 2 ) • u {0) {or l (u {1) )oT l (S^ 1 (hi)) ■ m) 
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= a" 1 ^) -T^ia-^S- 1 ^)) -m) 
= (h-T(u))(m), q.e.d. 



We prove now that r is i/-colinear. We have to prove that p(r(u)) = r(ur \) ®um, if we denote 
by p the .ff-comodule structure of End(M') op , that is, if we denote p(v) = v(°> 0v^\ we have to 



= «(0)( a_ ( u (i) 3 ) - m (o)) 

(g>a/3 _1 (Pia" 1 (n (1)4 ))m (1)l a(5' _1 (c^ 1 (u (1)2 )))u (1)l 5(m (1)2 )) 

= «(0)((a _1 (^(i) 2 ) • w*(0))(0)) ® a/5 _1 ((« _1 ( u (i) 2 ) ' m (o))(i)^(i) 1 5'(^(i)))- 



On the other hand, note that the formula for the ff-comodule structure of End(M) implies 



for all u € End(M) and m G M. Now we compute: 

r(u) (0) (m) (8) r(n) (1) = r(u)(m <0 >)<o> <8> T(u)(m<o>)<i>5(m<i>) 



= ?"H(™(0))(o) ® a/3~ 1 (r(u)(m (0) ) (1)1 S*(m (1) )) 
= («(0)(« _1 (^(i)) ' ™(0)))(0) 

®a^ _1 ((it(o)(a~ 1 (u(i)) • m (0 )))( 1) S'(m (1) )) 

^ ^(O)(o)((a -1 0(i)) -"i(o))(o)) 

Oa/3 _1 ((a _1 (u (1) ) • m (0) ) (1) u (0)(1) S'(m (1) )), 



so the two terms are equal. The only thing left to prove is that r is bijective; define the map 



t- 1 : End(M') op -» End{M), r -1 (u)(m) = u (0 ) • m), 



for all u £ End(M') op and m E M. From the i?-colinearity of r it follows easily that = id. 
We have not been able to prove directly that tt -1 = id; we need to prove first that r _1 is also 
.ff-colinear, that is we have to prove that 



r \v)(m {0) ) {0) ®S 1 (m (1) )r \v){m (0) ) {1) = r V^X™) ® « 



for all u G End(M') op and m £ M. Note first that 

v (0) (m) (g) = u(m ( o))(o) ® a/3~ 1 (v(m (0) ) {1) S'(m( 1) )), 
which together with (|3.ip imply 




(3.1) 



u(m)( ) =« 



(3.2) 



Now we compute: 
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" 1 (v)(m (0) ) {0) ® S 1 (m (1) )r 1 (v)(m {0) ) {1) 

= (v(°Ha-i(S(vW)) •m {0) )) (0) ®S-Hm { i))(vW(a-HS(vV)) • m (0) )) (1) 



^S~\m {1) )l3a-\v^){a-\S{v^ ■ m (0) ) (1) 
= ^)(°)(a- 1 (5(^ 1 )) 2 ).m (0)(0) ) 

®S-Hm {1) )^a~\v^)Pa-\S(v^h)m mi) S-\S(v^) 1 ) 
= ^°)(a- 1 (5((^ 1 )) 3 ))-m (0) ) 

^- 1 (m (1)2 )/3a- 1 ((« {1) )i)/?a- 1 ( < S((^ 1 )) 2 ))m (1)l (^ 1 ))4 
= ^°)(a- 1 (S*((i;W)i)) • m) ® («W) 2 
= r^/'jH®/', g.e.d. 

Now from the iJ-colinearity of r _1 it follows easily that tt _1 = id, hence r is indeed an 
isomorphism with inverse r _1 . □ 

It was proved in pQ, Proposition 4.7 that, if M is a finite dimensional Yetter-Drinfeld module, 
then End(M) op and End(*M) are isomorphic as algebras in • We generalize this result 

as follows: 

Proposition 3.11 Zei a,(3 € AutHopf(H) and M G nyT> u {a, j3) finite dimensional. Then 
End(M)°P ~ End(°M)(= End(*M)) as algebras in H yV H . 

Proof. Define the map 

t: End(M) op -> End(°M), i(u)=u*, 

which is obviously an algebra isomorphism. We prove now that it is H- linear. Let u G End(M) op , 
h G H , f G °M and m G M. Using the various formulae given before (and remembering that 
°M G H yV H ((3,a)) we compute: 

^ • u ){f)( m ) = (f (h • u))(m) 
= f({h-u)(m)) 

= f(p-\h*)-u{p-\S-\h x ))-m)), 



(h-L{u))(f)(m) = (rHhi)-t(u)(r 1 (S(h 2 ))-f))(m) 

= (0- 1 (h 1 )-((r 1 (S(h 2 ))-f)ou))(m) 

= «p-\S(h 2 )) • /) o u)^- 1 ^- 1 ^!)) • m) 

= {fr\S{h*))-f){u(J3-\S-\h{))-m)) 

= /r i N-«r 1 (^ 1 C'i))-'"))> 

hence the two terms are equal. The ii-colinearity of i is easy to prove and left to the reader. □ 

We recall now some more facts from [10]. If N G H yD H (~f, 5) and a, j3 G Aut Ho pf(H), define 
the object ( a '^N = N as vector space, with structures 

h — 1 n = 7 _1 /37a _1 (/i) • n, 
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n i-» n <0 > (8> n<i> := n( ) <8> a/? («(i))- 

Then ( a '^iV G H yV H {a^a~ l , a^by- 1 facT 1 ) = H yV H {{a,0) * (7, 5) * (a,/?)" 1 ), where * is 
the multiplication in the group G recalled before. Let also M G Hy^ H («, 0) and denote by 
M N = ( a >^)jV; then the braiding in the T-category yT>{H) is given by the maps 

c m ,n ■ M®N -> M N<g>M, c M ,N{m ®n) = n (0 ) <8> /3 _1 (n ( i)) • m, 

which are isomorphisms in ^yV 11 ((a, (3) * (7, #)). In particular, assume that a = (3 = idjj, so 
M G HyV H ; then obviously M N = N as objects in Hy~D H (-7,5) and we have the isomorphism 
in ^2^(7,5) 

cm,at : M®N — > N®M, CM,N(m <8> n) = n( ) §5 ^(1) ■ 

with inverse c^j N {n ® m) = S^nm) • m ® ra( )- 

It was proved in [I], Proposition 4.3 that, if M and iV are finite dimensional Yetter-Drinfeld 
modules, then End(M)#End(N) ~ End(M (g> TV) as algebras in ^yD^ . We generalize this 
result as follows: 

Proposition 3.12 If M £ Hy~D H («> /?) S H~yD H boi/i /imie dimensional, then 

End(M)#End(N) ~ End(M(g>N) as algebras in H yV H . 

Proof. Define the map : End(M)#End(N) -> End(M($N) by the formula 

4>(u#v)(m <g> n) = it(m( )) $5 (m^) • u)(n), 

for all ?i G End(M), v G End(N), m G M, n G iV, where • is the if- module structure of End(N) 
as in Proposition 13.11 (i). As in pQ one can prove that </> is an algebra map. We prove now that 
is ilf -linear. We compute: 

<f)(h • (u#v))(m ® n) = (f>(hi ■ u#h,2 • v) (m (8) n) 
= (/ii • u)(m( )) ® (m(i)/t 2 • 
= q _1 (/ii) • ii(Q~ 1 (S , (/i 2 )) • m (0) ) 

®7 _1 ( m (l)i^3) • u(7 _1 (S , (m {1)2 /i 4 )) • n), 

(/i • 4>{u#v))(m <g> n) 

= 7 - 1 a- 1 (/i 1 ) • (0(n#t>)( 7 - 1 a- 1 (5(/ l2 )) • (m ® n))) 

= 7" 1 a~ 1 (/ii) • (^(u^Ca- 1 ^^)) • m ® 7 _1 /?a- 1 (5(/i 2 )) • n)) 
= 7 - 1 «- 1 (/ l i)-K(a- 1 (S(/ i3 ))-m) (0) ) 

®((a- 1 (S(/ l3 )) • m) ( i) • ?;)(7" 1 /3«" 1 (5(/ i2 )) • n)) 
= 7 _1 a _1 (/ii) • (u(a _1 (S , (/i 4 )) • m (0) ) 

®(/3a- 1 (S(/i 3 ))m (1) /t 5 • ?;)(7" 1 /3a" 1 (S(/ i2 )) • n)) 
= 7 ~ 1 a~ 1 (/ii) • KcTVCM) • ™(o)) ® 7~ 1 /3a _1 (5(/i3)i)7~ 1 Ki) 1 )7" 1 (/i(5,i)) 

■«(7"V(^5 ) 2)))7' 1 (SHi) 2 ))7~ 1 ^ 1 (S(^(^)2))7" 1 rV(^))'n)) 
= 7~ 1 a~ 1 (/ l i) • (uCa- 1 ^^)) • m {0) ) ® 7 - 1 /3^ 1 (5(/ l2 ))7" 1 Ki) 1 )7' 1 (/i4) 

•K7~ 1 (S(/ i5 ))7- 1 (5(m (1)2 )).n)) 
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= cT^/n) • uia^iSihi)) • m (0) ) ® 7 - 1 /?a~ 1 (/i2)7~ 1 /3a~ 1 (S(ft 3 ))7~ 1 (m (1)l ft 5 ) 

•u(7 _1 (5(m(i )2 /i 6 )) • n) 
= a _1 (/ii) • u(a~ 1 (S(h2)) • m( )) <S> 7~ 1 ( m (i)i^3) • v(-f~ 1 (S(m i i) 2 h A )) ■ n), 

and we see that the two terms are equal. We have to prove now that <fi is Zf-colinear, that is we 
have to prove that 4>(u#v)( ) <g> <f>(u#v)n\ = </ ) (w(o)#' f; (o)) ® v (i) u (i)- We compute: 

4>(u#v)( )(m ® n) 18) (l) 

= 4>{ u # v )( m (o) ® n (o))(o) ® -S" -1 (re(i ) m(i))0(u#u)(m(o) ® n(o))(i) 

= «("*(0))(0) ® 0(ih • «)("(o))(o) ® 5 ' _1 ("-(i) m (i) 2 )( m (i)i • ^)( n (0))(l)«( m (0))(l) 

= «(m ( o))(o) ® (7 _1 (™(i)i) • «(7 _1 (5'(m-(i) 2 )) ' i( )))(o) 

(g)5~ 1 (n (1) m (1)3 )(7" 1 (m (1)l ) • u(7 _1 (S(m ( i) 2 )) • n (0) )) (1) n(m (0) ) (1) 

= ^( m (o))(o) ® 7~ 1 (™(i) 2 ) • ^(7 _1 (5 , ("i(i) 4 )) ' n (0))(0) 

«jS , " 1 (n {1) m (1)5 )57~ 1 (m {1)3 )v(7" 1 (S'(m (1)4 )) • n (0) ) (1) S'~ 1 (m (1)l )n(m {0) ) {1) , 

and on the other hand: 

= w (0 )(m(o)) (m ( i) • W( ))(n) <8> 

= t*( ) (m (0) ) ® 7" 1 (m (1)l ) • u (0 ) (7" 1 (S 1 (m (1 ) 2 )) • n) ® «(i)«(i) 

= «(wi(0)(o))(0) ®7 -1 ( m (:i)i) • ^((7 _1 (5'(m (1)2 )) -n) (0 ))(o) 

(g)5'" 1 ((7" 1 (S'(m (1)2 )) • n) (1) )v((7~ 1 (S'(m {1)2 )) • n) (0) ) (1) S'" 1 (m (0)(1) )u(m (0){0) ) (1) 

= «(wi(0))(o) «>7 _1 (™(i) 2 ) ' v{-f~ l {S{m {lh ) 2 ) -n( ))(o) 

«)S'" 1 ((57" 1 (5'(m (1) 3)3)n (1) S'" 1 (S'(m (1) 3)i))?j(7" 1 (S'(m (1) 3)2) • n(o))(i) 
5 ,_1 (m (1)l )7i(m (0) ) (1) 

= u(m( ))(o) ®7 _1 (™(i) 2 ) ' ^(7" 1 (5 , ("T-(i) 4 )) ■ n (o))(o) 

(g)S ,_1 (n (1) m (1)5 )57" 1 (m (1)3 )t>(7" 1 (S'(m (1)4 )) • n (0) ) (1) S'" 1 (m {1)l )u(m (0) ) (1) , 

hence the two terms are equal. The only thing left to prove is that <j> is bijective; we give a proof 
similar to the one in pQ. Namely, one can check that <p coincides with the composition of the 
following isomorphisms: 

End(M)®End(N) ~ M®M*®N®N* 
~ M®N®N*(g)M* 
~ M®iV® (M<g>AQ* 
~ End(M<g>N), 

where the first and the last are the canonical linear isomorphisms, the second is idM ® c~ - ^ 
and the third is id M ^ N ® VP, where ^ is the isomorphism defined in Lemma 12.71 □ 

Let us recall from [2] that, if vl is an algebra in hYD 11 an d n G Autff op f(H), we can define a 
new algebra in HyV H , denoted by which equals A as an algebra, but with iJ-structures 

(A(p,),—r,fJ) given by ft —r a = /x(ft) ■ a and p'(a) = a<o> <55 a<i> := ^(o) ® /•* ( a (i))> f° r an 
a G ft, G H. 
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Proposition 3.13 Let N G HyV H (y,5) finite dimensional and a, /3 G Autjjopf(H). Then 
End(^N) = End(N){(3a- 1 ) as algebras in H yV H '. 

Proof. We compute the structures of End(( a '^N). Let h G H , u G End(N), n G iV; we have: 

(h ■ u)(n) = a7 _1 Q! _1 (ft,i) — 1 u(a7~ 1 a~ 1 (5'(/i2)) — Ji) 

= 7 _1 /37a _1 a7 _1 a~ 1 (/ii) • 14(7 /?7a - a7~ a -1 (£(/i2)) ■ ra) 
= 7 - 1 /3a~ 1 (^i) • u( 7 - 1 ^a- 1 ( ( S(/i 2 )) • n), 

U[ ] (n) ® U[x] = u(n< >)<o> &> 5 ,_1 (^<i>)«(«<o>)<i> 
= «("(o))(0) ® a/?~ 1 (5'" 1 ( re (i))«( n (0))(i))> 
while the structures of End(N)((3a~ 1 ) are: 

(/wu)(n) = (p a -\h) -u)(n) 

= 7 - 1 /3a- 1 (/ii) • u( 7 - 1 /3a- 1 (5(/i 2 )) • n), 



"<o>(") ® «<l> = tt( ) (n) (8) a/3 (u (1) ) 

= «(»(o))(o) ®«/3 -1 (-S ,-:L (»(i)) w (w(0))(i)) J 
and we are done. □ 

It was proved in [1] that, if M and N are finite dimensional Yetter-Drinfeld modules, then 
End(M)#End(N) ~ End(N)#End(M) as algebras in nyV H . By using Proposition EIJ and 
the isomorphisms cm,jv recalled above, we obtain the following generalization of this fact: 

Proposition 3.14 Let M £ jjyV H (a,P) and N G nyV H {^,5), both finite dimensional. Then 
End(M)#End{N) ~ End( M N)#End{M) as algebras in H yV n . 



4 i7-Azumaya algebras and a subgroup of the Brauer group 

We begin by recalling several facts from pQ about ff-Azumaya algebras and the Brauer group 
of a Hopf algebra H. 

Let A be a finite dimensional algebra in HyD H and consider the maps 

F : £n<i(yl) , F(a#b) (c) = ac (0) (c (1) • 6) , 

G : A#A £nd(,4) op , G(a#6)(c) = a (0 )(o(i) ■ c)6, 

for all a,b,c G A, which are algebra maps in nyT> u . In case F and G are bijective, A is called H- 
Azumaya. If M is a finite dimensional object in nyT >H , then End(M) is an ii-Azumaya algebra. 
If A and B are f/-Azumaya, then so are A#B and A. Two iT-Azumaya algebras A and -B are 
called Brauer equivalent (and denoted A ~ B) if there exist M, A G HyT >H finite dimensional 
such that A#End(M) ~ B#End{N) as algebras in H yT> H . The relation ~ is an equivalence 
relation which respects the operation The quotient set is a group with multiplication induced 
by # and inverse induced by A i— > A. This group is denoted by BQ(k, H) and called the Brauer 
group of f/\ The class of an .ff-Azumaya algebra A in BQ(k, H) is denoted by L4]. 
We have now all the necessary ingredients to prove the main result of this paper: 
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Theorem 4.1 Let a, (3 G Autffopf(H) and M G #3^C (a,/3) a finite dimensional object. Then 
End(M), with structures as in Proposition \3.1\ is an H-Azumaya algebra. 

Proof. We prove that the map 

F : End{M)#End{M) -> End{End{M)), 
F(a#b){c) = oc( )(c(i) • 6), V a,6,c G End(M), 

is bijective (the proof that the other map G is bijective is similar and left to the reader). By 
Propositions EJJBEJT] and EH we obtain that End( M)#End( M) ~ End(M® °(M')) as alge- 
bras in HyD H ; in particular, it follows that End(M)#End(M) is a simple ring, and since F is 
an algebra map it follows that F is injective, and hence bijective, as dirrik{End{M)jfEnd(M)) = 
dirrik{End{End{M))) , finishing the proof. □ 

Corollary 4.2 We denote by BA(k,H) the subset of BQ(k, H) consisting of H-Azumaya al- 
gebras that can be represented as End(M), with M G Hy^ H (d, j3) finite dimensional, for some 
a, (3 G Autjiopf(H). Then BA(k,H) is a subgroup of BQ{k,H). Moreover, if H is finite di- 
mensional, the image of the group anti-homomorphism from [2], AutH op f(H) — > BQ(k,H), 
a i — > [End(H a )], is contained in BA(k,H). 

Proof. Follows immediately by using Propositions 13.101 13.111 and 13.121 □ 

Remark 4.3 Following f^j, we denote BT(k,H) the subset of BQ(k, H) consisting of classes 
that are represented by quasi- elementary H-Azumaya algebras. It was noted in IE/ that BT(k, H) 
is closed under multiplication, but it is not known whether it is a subgroup of BQ(k, H). By 
Proposition 13,61 BA{k,H) C BT(k, H). Thus, by considering only those quasi-elementary H- 
Azumaya algebras that are represented as End(M), with M a finite dimensional object in some 
H yT> H (a, [5), we do obtain a subgroup of BQ(k, H). 

We recall from |2j that the construction A A(fi) recalled before defines a group action of 
Aut Hopf (H) on BQ(k,H), by fj,([A\) = [A(fi)] for \x G Aut Hopf (H) and [A] G BQ(k, H). As a 
consequence of Proposition 13.131 we obtain: 

Corollary 4.4 The above action induces a group action of AutH op f(H) on BA(k, H). 

Proposition 4.5 Assume that there exists (/, g) a pair in involution corresponding to (a, f3) 
and let M G //3^D' f/ (a, 0) finite dimensional. Then [End(M)] = 1 in the Brauer group. 

Proof. By [10], Theorem 5.1, M is isomorphic, as (a, /3)-Yetter-Drinfeld modules, with jk 9 ®N, 
where N G H yV H . Thus End(M) ~ End{ f k a ®N) ~ End( f k 9 )#End(N) = k#End(N), hence 
in the Brauer group we get [End(M)] = [k][End(N)] = 1-1 = 1. □ 
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